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Abstract—Currently, the representative and extended rough set
models are the graded rough set (GRS) and multi-granulation
rough set (MGRS). And both of them have been applied in
many fields. The main work of this paper is to combine the
GRS with the MRS in the interval-valued fuzzy information
system (IVFIS) and explore its mechanism. First, in the frame
of IVFIS, we construct three new types of multi-granulation
rough sets, i.e., graded optimistic MGRS, graded pessimistic
MGRS and graded generalized MGRS, respectively. Then, their
corresponding basic structure and some properties are studied as
well. Finally, based on the above analysis, an illustrative example
about class evaluation is introduced to further verify the validity
of the model.

Index Terms—Graded Rough Set; Multi-granulation Rough
set; Interval-valued Fuzzy Information System; Graded Gener-
alized MRS

I. INTRODUCTION

The classical rough set theory (RST) [1-2] was first pro-
posed by Pawlak in early 1980s and now it is still a powerful
mathematical tool used in the data analysis. At present, it has
been widely used in pattern recognition, machine learning,
decision analysis, knowledge acquisition and data mining and
some other fields.

However, Pawlak rough set model also has some defects that
the relationship between the equivalence classes of knowledge
and the concept set is too strict. To a certain extent, they
do not have subset relationship. At the same time, there is
a lack of quantitative information about the intersection of
equivalence classes and concept sets. Therefore, the conclusion
of small scale objects can not be applied to large scale
objects. To describe quantitative information, Y.Y. Yao and
T.Y. Lin proposed the graded rough set (GRS) based on the
modal logics in the literature [3]. A lot of researches [4-9]
have been completed on GRS. For example, [10-13] studied
the establishment and properties of GRS. And the reduction
of GRS was investigated in article [14-15] and so on. It
is important to note that the inclusion between the upper
approximation and the lower approximation does not hold in
most cases.

From the point of view of Granular Computing, these
rough sets are essentially defined in a single granular space.
The upper (lower) approximation of the target concept is
represented by the information granules in the granular space
which induced by a single binary relation. Qian et al believe
that the relationship among multiple decision makers may
be independent in the problem of decision analysis. For this
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reason, he raised the concept of multi-granulation rough set
(MGRS) model [16-18].The optimistic (pessimistic) multi-
granulation rough set model is further defined. Moreover, the
classical multi- granulation rough set is still built on account
of equivalence relation and one of the limitations is that it
must be completely correct or certain. So, the rough set is
systematically studied by Xu in an ordered information system
[19]. The main innovation of these works is that the dominance
relation takes the place of equivalence relation. Some scholars
combine the GRS with the MGRS to reach the graded multi-
granulation rough set. Wu et al. [20] constructed a multi-
granulation rough set. Wang et al. discussed graded multi-
granulation rough set based on weighting granulations and
dominance relation. Shen et al. [21] extended the graded multi-
granulation rough set to the graded rough set model based
on tolerance relation. Further, this paper proposed the graded
optimistic (pessimistic) rough set model based on limited
tolerance relation. In addition, multi-granulation with different
grades rough set in ordered information system was considered
by Yu [22].

Based on the above elaboration, the motivation of this study
is to explore the graded multi-granulation rough set models in
view of IVFIS. Then, in accordance with the types of the GRS
and MGRS, three kinds of decision-theoretic rough set models
are constructed.

The reminder of this paper is structured as follows: Section
2 some preliminary recalls some necessary basic concepts
briefly. Three new types of graded multi-granulation rough set
are constructed in IVFIS and their properties are investigated
in Section 3. In Section 4, an illustrative case about class
evaluation is introduced to further verify the validity of the
models. The paper ends with conclusions and further research
topic in section 5.

II. PRELIMINARIES

A. The Rough Set of Interval-valued Fuzzy Information System

Let a quadruple I~ = (U, AT, V, F) be an interval-valued
fuzzy information system, where the universe of discourse
U = {1,292, - ,x,} is a nonempty finite set of objects,
AT is a nonempty finite set of attributes, V' = agA V., and
F = {U — V,,a € AT} is the relationship set from
U to AT , and V, is the finite domain of a. for each
f € Fae€ AT and z; € U, f(xi,a) = [al(z;),aY (2:)].
Especially, a®(x;),a"(z;) € [0,1] and a*(z;) < aY(z;).
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f(x;,a) denotes the value of object z; under the attribute a .
When o (2) = aY(x), f(x,a) degenerates into a real number.
For an IVFIS, if there is an ordered relation on V,, then
the attribute a is termed as a criterion. Vx,y € U, x =, y
represents that x with respect to the criterion a is superior to
y,and & =, y < f(x,a) =4 f(y,a). For VB C AT,z =gy
represents that « with respect to the criterion set B is superior
to y and x =p y < it is true that f(x,a) =, f(y,a) for any
a € B.
Definition 2.1 Suppose an interval f(z;,a) = [a%(z;),a" (z;)
], for YA € [0.1],

Ga(f(@i,a)) = (a®(2:))" (0" ()

is called A geometric average ranking function of interval
number f(x;,a).

Evidently, for any two intervals f(z;,a), f(z;,a), if

Gr(f(zj,a)) > Gi(f(zi,a)), we decide that f(z;,a) pre-
cedes f(z;,a), denoted by f(x;,a) = f(z;,a).
Definition 2.2 [23] Let I~ = (U, AT, V, F') be an IVFIS. For
VA C AT, , the IVF dominance relation R% is defined as
R5 = {(zi,xj) € U x U :Va € A, f(zj,a) = f(zi,a)}.
The IVF dominance class of x introduced by the dominance
relation R is defined as [z,]5 = {z; € U : (x,y) € R5} =
{zj € UVa € A, f(z;,a) = f(zi,a)}

In an IVFIS, for all X C U, the upper and lower approxi-
mations are

R5(X) = {z € Ul[a]5 N X # 0} = U{[e]3|[2]5 N X # 0},
RE(X) = {z € Ull2]5 € X} = U{[a]5][a]5 C X}.

If BT%(X) #* ﬁ(X), then X with regard to RE is rough;
if RZ(X )= ﬁ (X) , then X concerning R% is precise.
B. Graded Rough Set Theory

Let Ry (X) and R, (X) denote the upper and lower approx-
imation sets of X when the grade is a non-negative integer
k. Rp(X) and R, (X) can be defined as Rx(X) = {z €
U |lelz N X| > k} and RBy(X) = {o € U] |lalal -
l[z]r N X| < k} . If Rp(X) # R,(X) , then X is rough
while the grade is k ; otherwise X is precise. The upper
approximation Ry (X) expresses a collection of equivalence
classes which must satisfy |[z]g N X| > k, and the lower
approximation R, (X) represents the union of some objects
whose equivalence classes satisfy |[z]g| — |[z]r N X| < k.
Accordingly, the positive, negative, the upper, the lower and
boundary region of are exposed as pos(X) = Ri(X)NR,(X),
neg(X) =~ (Ru(X)UR, (X)), Ubn(X) = Ry(X) Ry (X).
Lbn(X) = R, (X)— Ri(X), bn(X) = Ubng(X)ULbng(X),
respectively. When k£ = 0, the graded rough set becomes the
classic rough set. Consequently, the inclusion between Ry (X)
and R, (X) does not hold in most cases.

C. Multi-Granulation Rough Set

This section will introduce the models of multi- granulation
rough set which are caused by multiple dominance relations
and the specific details can be found in reference [19].

Let I = (U, AT,V, F) be an ordered information system,
Ay,--- Ay C AT are attribute sets, Ril, e 7RES are
dominance relations. X C U, the optimistic lower and upper
approximations are defined as follows.

=
OMg, 4,

@(X) = {ﬂcliﬁ1 ([2)3, N X # 2}

(X) = {x| V ([¢]5, < X},

The pessimistic lower and upper approximations can be sim-
ilarly defined as the following way.

PMSy a0 = (ol A, (15, € X,
PMg. , (X)={z| V (23, N X # 2},
Moreover, if OMztjilAi (X) # OMZE)?,IAI' (X),

(PM%LI £ (X)) # PM%LI 4,(X)), then we think
that X is optimistic(pessimistic) rough set under multiple
dominance relations. If not, the X is optimistic(pessimistic)
precise.

Now, we look at the more general model in order infor-
mation system. The generalized multi-granulation rough set is
defined in the following manner.

GMZ, . (X), = {23 S¥(@)/s > B},

- i=1

GME, , (X);={2l(3 (1 - 8% () /s > 1 - ).
i=1

Where S}%’i (x) is the support characteristic function of x with
respect to concept X under A;; if [;v]% C X, then S (z) =
1, else Sﬁi (x) = 0. X is referred to as a rough set concerning
Sioi Avifandonly if GMs. , (X); # GM&. , (X)4
otherwise, X is termed a definable set with regard to » ;_, A;.
f3 is called the level of information about >_>_; A;.

On the basis of above definitions of optimistic, pessimistic
and generalized multi-granulation rough set in ordered infor-
mation system, the following conclusions are established.

(1)PM§f:1 4 (X) CAM&, , (X),C OMgle £, (X)),

(QOMg, | 4 (X) CGMg, 4 (X)y C PMg.
ITIT. GRADED MULTI-GRANULATION ROUGH SET BASED ON
IVFIS

In this section, three new kinds of multi-granulation rough
sets with different grades on the basis of IVFIS are explored.
Namely, the graded optimistic multi-granulation rough set, the
graded pessimistic multi-granulation rough set and the graded
generalized multi-granulation rough set.

(X).

A. The Graded Optimistic Multi-Granulation Rough Set in
IVFIS

This part combines optimistic multi-granulation with degree
rough set in IVFIS.
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Definition 3.1 Let /= = (U, AT, V, F) be an interval-valued
fuzzy information system, Aj,---,A, C AT, R” is the
dominance relation of 1=, for any X C U,k; € n, then

k; s
OMg. . "(X)={al v (]3|~ 1X N [2]3,]) < kil
oM%, L = {a] A |l2]3, 0 X| > k).

is called the graded optimistic multi-granulation lower and
upper approximation of in view of IVFIS.

Due to the graded rough set, the graded optimistic multi-
granulation upper and lower approximations are no longer a
strict inclusion relation.

Furthermore, the graded optimistic multi-granulation posi-
tive , negative and boundary region of in IVFIS are defined as
the following way :

) POS(X)%IVil a = OME . Aiki () QW
(X); -

@ N0, =~ 005, ovontg,
(X))s E—

@) Lon(X)§M | =OM%. e *W
(X ); -
(X ); — ==t

(5) Bn(X )Zs A, :Lbn(X)%‘![ A, W UbR(X )Zs

Theorem 3.2 Given an IVFIS I~ = (U, AT, V, F), Al, :
Ag C AT are subsets of AT, for any X C U,k; € n, then
we can get the relationship between the graded optimistic
multi-granulation lower approximation of ~ X and the graded
optimistic multi-granulation upper approximation of X.
ki
OMS., , (X

=1

) =~ OMS, ' (~X)

Proof. In light of definition 3.1, we can obtain

a0 X) =~ {a|(|[2)5,] - | ~ X N [2]5,])
<k V (|25, = |~ XN [2)3,) <k V-V k)

= {2|([]%,| = [~ X N [2]5,) > ki A (le]F,] - |~ X
Nla]5, 1) > ke Ao A ([2]F, X N [2)3.1) > k)
:{(H }A|7|NXQ[ ]>_ )>k¢,Vi:1,2,~~~ 75}

={(XN[2]5,]) > ki, Vi=1,2, s}

NOM?s

—
=OMg. 4

1=1

(X)
Therefore, the theorem is completely proved. O
Theorem 3.3 For an IVFIS I~ = (U, AT, V, F), Ay,---,

Ay C AT are subsets of AT, X C U,k; € n. Then there are
a series of properties holding.

> ki
U,OM%, A,

(1) OMZ= leAf“(U) = . a4, (@)=2;

ki ki

@ xcv=oms, ,"coms, ")

@ xcv=oms, ,“comzs. My

@ omz. Monomz. L Mw)oomz Lt
(XnYy);

¢ oMz, ,Mxnomz, ,Mvyooms, L
(X NY); ' -

© oMz, ,Mxuvomz, ,“v)ycomz,
(XUY);

@ oMz, ,Mxuvomz., ,“v)ycoms,
(X UY). - -

Proof: According to the definition 3.1, the property (1) is
clearly true for U and (.

(2) If X C Y, then it means that (]JX N [917]t ) C
(JY N [a]%, 1) for ¥i. Thus, (|[2]%,| — X N[z ]f}cl) >(|[a]3, -
Y N [x]§l|) For arbitrary = € OM (X ), there is
always i, s.t. (|[z)5,] - |X N [xm) < kz e. |[=)3,] <
ki + XN [x]%|, therefore, (\[m]i — YNz ] |)§ k;, that
. ki ki
is 2 e OM%LI 4, (Y) . So wehave OMS. , "'(X) C

— i
OMs.. 4, (Y).

(3) For Vo € OMZ% -11,41-& (X), there exists ¢ such that
|[m}% N X| > k;, hence, from (2) it can get |[[L’]% NY| > k.

So, z € OM%L Aiki

(4) Through the operation properties of sets, we can obtain
XNY C X,Y, then the right ” D" is illustrated. The
remaining (5), (6) and (7) are similar to certify. O
Theorem 3.4 Suppose an IVFIS I~ = (U, AT,V, F), Ay, -,
As C AT, for any X C U, k; € n, we have:

(Y'). This property has been proved.

OMZ, , (X)coMZ, "

i=14 - 25:1‘41 (X)’

oM%. ,"(X)COME. , (X).

i=1

—
, s, then OMiLl 2, (X) =

In particular, Vk; =0, =1,2,---
OMZ °(X) = OMEZ

- .

OMi;f;lAi ( ), S 4 (X) ZleAi(X)’ This
shows that the graded optlmlstlc multi-granulation rough set
model is the extension of optimistic multi-granulation rough
set in ordered information system.

Proof: For Vz € OMti 4. (X), there is always a i sat-
C X. It is also bound to meet the formula

. . —

isfying [z]3

(Ila),| = X N [2]3,]) < ki, further, = € OM5. (%),
—1 A (X) < OM%le Ai

ki
Accordingly, OMZE:S (X). The fol-
lowing expression can be proved in the same way. O
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B. The Graded Pessimistic Multi-Granulation Rough Set in
IVFIS

This section is similar to the graded optimistic multi-
granulation rough set. We will explore some properties and
applications of graded pessimistic multi-granulation rough set
on account of IVFIS.

Definition 3.5 Let I~ = (U,AT,V,F) be an interval-
valued fuzzy information system, A;,--- Ay C AT, RZ is
the interval-valued fuzzy dominance relation of 1=, for any
X CU,k; €N, then

ki

PME, 4" (X) = {al A (lal5 - 1X N [al3,D) < ki
s :
PM%'?:l 4 (X)= {m|i\:/1 ‘[f]i NX|> kil

is referred to as the graded pessimistic multi-granulation lower
and upper approximation of X based on IVFIS.
ki

Additionally, if PM%. , "(X) # PME, ,"(X),
we call that graded pessimistic multi-granulation rough set
about the multiple granular structure. On the contrary, one
can say that is graded pessimistic multi-granulation precise
set in IVFIS. Based upon the above defined upper and lower
approximation operators, the pessimistic rough regions can
also be defined as the optimistic case.

Theorem 3.6 There is an IVFIS I~ = (U, AT, V, F), Ay, -+,
As C AT are subsets of X, for any X C U, k; € N.
The graded pessimistic multi-granulation lower approximation
of ~ X and the graded optimistic multi-granulation upper
approximation of X satisfy the following relationship.

ki

bt bt i

PMile A, (X)=~PMz< e (~ X).
Factually, it is also true that

~PMS, 0 (X) = PME:ZI& (~ X).

Proof: By definition 3.5, we can get

~PME, (e X) =~ 2l ~ X0l ) >k
V(I ~X0[)g,) >k Ve vk}

= {al(|~ X N[5, ) < ka A (|~ X O[], [) < B
Ao A~ X N [a]3 ) < B

={(I~ X N[5 ]) < ki,Vi=1,2,--- s}

= {([2)5,] = 1X N[@]5,]) < ki, Vi = 1,2,- -+, s}
ki

= PM%LI 4, (X).
Consequently, PM%leAiki (X) =~ W(N X).
By proving the previous equation, we have
PMs leAiki(X) —~ PM5 ;ZlAiki(N X)
= PME, e X) =~ PME (s (X))
e PMy, (v X)=~PME, ()

So far, both proofs have been finished. d
Theorem 3.7 For an IVFIS I~ = (U, AT,V,F), Ay,---,
As C AT, for any XY C U, k; € N. Then the following
properties are valid.

> ki - ki
(1) PM< Y U)=U, PM%. , (9)=a;

i=1 4%

> ks - ki
2) XCY = PME;':lAi (X)C PMileAi (Y);

@ xcv=rus, ,Moocrug, M)

ki - ki =
(X) ﬁPMif:1 A, (Y) D PM< Sy

> ks
4) PM< A

(XNY);

) PME. L, MonPME. LMo oPME,. "

= 4 Zi=1 @ E:=1 A
(XNY);
> ki - ki >

(6) PM< A, (X)UPM< Y (Y)C PM< A,

(XUY);

ki

- ki - ki - ks
@) PME)$=1A1: (X) UPME;":lA,- (Y)C PME);;IAi
(XUY).
Proof: The properties can be proved in similar theorem 3.3.
|
Theorem 3.8 Let [~ = (U, AT, V, F) be an IVFIS, Ay,---,
Ay C AT, for any X C U, k; € N, we have:

ki
PM%LI 4,(X) C PM%LI 4, (X)),

PMZ. |, M(X)C PME. , (X).

=144 =14

Particularly, Vk; = 0,i =1,2,--- , s, then PM%,;:1 A, (X) =
= o = 0 =

PMileAi (X), PMi;?zlAi (X) = PMile Ai(X). The
conclusions demonstrate that the graded pessimistic multi-
granulation rough set model is the prolongation of pessimistic
multi-granulation rough set in ordered information system.
Proof: This conclusion can be easily obtained. a

C. The Graded Generalized Multi-Granulation Rough Set in
IVFIS

In the above two sections, we have discussed two special
types of graded multi-granulation rough sets based on IVFIS.
However, it is notable that the requirements of approxima-
tion operators are either too strict or too loose. In other
words, the description of approximation operators does not
have a restrictive standard condition. In reality, a qualified,
feasible and credible principle is that the minority should be
subordinated to the majority. In the basic model of multi-
granulation rough sets, the graded optimism and pessimism
multi-granulation rough sets do not take into account the case
of the minority comply with the majority. Therefore, in this
section, a graded generalized multi-granulation rough set on
the basis of IVFIS is proposed. In addition, this model is
more logical and consistent with the characterization of the
real world.

Definition 3.9 Let /= = (U, AT,V, F) be an interval-valued
fuzzy information system, A; C AT,i = 1,2--- s, for any
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X C U, k; € N, the graded generalized multi-granulation
lower and upper approximations of X with respectto Y ;_, A;
can be defined as

L OO% = {2 e U L8% @) /s > B,

i=1

GME.,
i=1

@() {xéUIZUSA )/s>1—B}.

respectively. Where LS4 () is the lower support character-
istic function of z € U under A;,
. = =
Lty = {1 IR = X 0T <
0, other.

And US f}i (z) is the upper support characteristic function of
x € U under A;,
. =
USA( )= ,1f\Xﬁ[z]Zl|>k‘i;
0, other.

X is referred to as a rough set with regard to 25:1 A; if and
only if GME oA (XE # GMELI 4, (X)5; otherwise, X
is termed a definable set with regard to Y ;_, A;. § is called
the level of information concerning Y ;_; A;. This model is
framed as graded generalized multi-granulation rough set on
account of IVFIS.

By the graded generalized multi-granulation lower and
upper approximations, the positive region, negative region, and
boundary region of X are represented as:

(1) Pos(X)§ :GMZE:?:lAi(X)’giﬂGM%LIAi
(X)§s

) Neg(X)§ 4 =~ (GMs. , (X)§ UGM&.
(X)5);

3) Lhn(X)§ , =GM&. , (X)f —GM&.
(X5

@ Ubn(X)§Y | =GMg. , (X)§ —GMg.
(X5

(5) Bn(X )Zs A, :Lbn(X)%\f 4, WUN(X )ES

The graded generalized multi-granulation rough set on IV—
FIS is a generalization of the graded optimistic and pessimistic
multi-granulation rough sets. According to definition 3.9, we
can get the following relations among the graded general-
ized, the graded optimistic and the graded pessimistic multi-
granulation rough sets.

Theorem 3.10 Assume an IVFIS I~ = (U, AT, V, F), A; C

AT i=1,2---,s,8€(0.5,1], forany X CU, k; € N, We
>the fol]{a onclusions estahlished, k;
9?1\’5‘ tloyipg & &Cﬁ Sgjishe oMs, " 0;

k; — 71%
OM? C o (X)C GME;ZIAi(X) C PM—f A (X
Proof: The conclusions are obvious. O

Theorem 3.11 For an IVFIS I~ = (U, AT,V,F), A; C
ATi =1,2--- s, forany X,Y C U, k; € N. Then there
are the following properties.

(1) GME?_IAi(U) = U, GMZ.,

i= 1

4,2)5 = ;
2) GM2$:1Ai( X =~ GMS oA 4, (05

3) ~GM§f (X =GM&, , (~ X))

. g
) XCY=GML, , (X)yceMz. "My
5) GMZ, , (X)ynemz. M)l o aME
i—y A B =1 A =1 A
(X AV)h
e — 7": e —
(6) GMZleAi( ) uGMf: a0 ¥ ) CGM*: oy

(XUuY)y
Proof: (1) By definition 3.9, LSé"’(:c) =1, USYi(z) =

0. Then GMZ. , (U)f = {al(LLSF()/s =
(Zl)/ = 1> 8} = U GMZ,_, (@) = {z €

U\(ZUSH )/s=0>1-p}=2.

(2) For the upper support characteristic function, we have

. -
USA( - ,1f\Xﬂ[ac];‘i|>k’i;
0, other.
. 1, if |~ XNz5 | > ki
0, other.

. = -
Loaf [fz]3, | = [X O[]z, > kis
0, other.

. = -
Lif [[z]7,| — X N [z]7,] <
0, other.

= USZy(x) = {

7y

= USA (z) = {
& LSy (x).

Hence, > LSf}((x) =~ > US}? (r) =5 — > US}% (2).
i=1 i=1 i=1

So
GMileAz( Xy —{er|ZLS x))/s > B}
= {z e U|( S—ZUSA )/s > B}
i=1
={z U1~ Q_USy (2)/s) = 8}
i=1
= {z e U|( ZUSA ) /s <1-— 8}
1=1
=~ GMile A, (X)ﬁ .
The proof has been finished. (3)The method analogous to that
used above. (4), (5), (6) are easy to prove. O
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IV. CASE STUDY

Let I~ = (U,AT,V,F) be an IVFIS, where U =
{x1, -+ ,z10} is composed of 10 classes. AT = {ay, as, as,
a4, a5} is the attribute set that stands for learning atmosphere,
the construction of class atmosphere, class activities, safety
and discipline, and the work of class head-teachers. The school
evaluates the ten classes under the 5 indexes respectively. And
the detailed evaluation data are shown in Table 1.

At first, we randomly select a part of the classes as the
research object, namely X = {x1,x2,x3, 24,75} . And two
granules are A; = {a1,a9,a3} and Ay = {as,ay,as}, the
grades are k; = 1 and k2 = 2. Now given A = 0.5, we can
calculate the number of sorting on 10 classes. The calculated
data are shown in table 2.

TABLE I
Classes evaluation statistics

U ai a2 as a4 as
z1  [0.75,0.84] [0.90,0.92] [0.81,0.94] [0.93,0.96] [0.90,0.91]
z2  [0.90,0.95] [0.89,0.93] [0.85,0.95] [0.80,0.94] [0.94,0.97]
x3 [0.80,0.91] [0.84,0.86] [0.81,0.84] [0.81,0.84] [0.86,0.89]
x4 [0.86,0.89] [0.89,0.92] [0.90,0.95] [0.90,0.93] [0.91,0.94]
x5 [0.86,0.95] [0.91,0.93] [0.91,0.95] [0.90,0.94] [0.92,0.97]
ze [0.89,0.95] [0.92,0.93] [0.91,0.95] [0.87,0.90] [0.91,0.95]
z7 [0.90,0.97] [0.85,0.93] [0.87,0.97] [0.83,0.93] [0.94,0.95]
zg [0.77,0.83] [0.90,0.93] [0.77,0.83] [0.82,0.88] [0.83,0.90]
x9 [0.86,0.89] [0.90,0.93] [0.85,0.89] [0.83,0.89] [0.90,0.95]
z10 [0.84,0.89] [0.84,0.85] [0.82,0.87] [0.86,0.89] [0.88,0.92]
TABLE II
The numbers of sorting on 10 classes

U ai az as as as

1 0.7937  0.9099 0.8726  0.9449  0.9050

x2 09247 0.9098 0.8986 0.8672  0.9549

x3  0.8532 0.8499 0.8249 0.8249 0.8749

xg  0.8749  0.9049 09247 09149 0.9249

x5 09039 09199 09298 0.9198 0.9447

e 09195 0.9250 09298 0.8849  0.9298

x7 09343 0.8891 09186 0.8786  0.9450

g 0.7994 09149 0.7994 0.8495 0.8643

xg9  0.8749 09149 0.8698 0.8595 0.9247

z10 0.8646  0.8450 0.8446 0.8749  0.8998

Then the dominance classes for every object with regard to
granule A; and A, can be calculated. The results of classes
under granular structures are shown in Table 3 and 4.

Case 1. The values for graded optimistic multi-granulation
rough set can be calculated as follows:

ki

OM= 2 4, (X)) = {2122, 24,25, 26,27, 79 };
ki

OZ\4t ?:1 A; (X) = {1’3,.%'10}.

On account of the definition of the graded optimistic multi-

TABLE III
Statistical data of classes under granular structure A;

z [alz, =3, @)%, 0 X |[=)5,] - ], N X|
T Z1,5,6 3 2 1
i) i) 1 1 0
T3 X2,3,4,5,6,7,9 7 4 3
T4 Z4,5,6 3 2 1
xs 5,6 2 1 1
g X7 1 0 1
xTs x5,6,8,9 4 1 3
X9 Z5,6,9 3 1 2
T10 T2,4,5,6,7,9,10 1 3 4

TABLE IV
Statistical data of classes under granular structure Ag

v (23, %] ll=)3, 0 X Jl=)3,] - =05, N X
X1 1,2 2 2 0
T2 1,2 2 2 0
T3 X3,4,5,6,7,9 6 3 3
T4 T4,5 2 2 0
X5 Ts5 1 1 0
idrd [idrd 1 0 1
T8  T5,6,8,9 4 1 3
X9 T5,6,9 3 1 2
10 %1,4,5,6,7,10 6 3 3

granulation, rough regions of X can be obtained:

Pos(X)Zq ={o}; Neg(X) ={xzs};
Lon(X)$Y = {$1a$2,$475€5,$6,x7,$9};
Ubn(X )Zs = {x3,210};

B”(X)zs = {z1, 72, T3, T4, T5, T6, T7, T9, T10}-

Case 2. The results for graded pessimistic multi-granulation
rough set can be computed as follows:

ki

PMEZ A (X) ={x1, 29, 24, x5, T6 };

i=1
ki
PMiz ; (X) = {21, 23, 24,28, 29, T10}-

On the basis of the definition of the graded pessimistic multi-
granulation, rough regions of X can be got:

POS(X)Z< = {x1,$4};Neg(X)§]i{1Ai = {x7};
Lbn(X)Zs =g, 5,76 };

Ubn(X )zs = {3,78, 79, T10};

Bn(X)ZS 4, = 172,73, 5, %6, T3, T9, T10}-

Case 3. Here, let the information level3 = 0.7. Then the
results for graded generalized multi-granulation rough set can

be computed as follows:
GMile A; (X)zl = {Il’xz,$47$5,$6,x7};

GM>5 A; (X)/;e = {1, 73,74, 28, T9, T10}-

i=1

1877



Based on the definition of the graded generalized multi-
granulation, rough regions of X can be obtained:

Pos(X)E . = {zn,as}; Neg(X)EY . = {o);
Lbn(X)%gi1 A, = 172,75, T6, T7};

Ubn(X)%%;Ai = {x3, s, 9, T10};

B”(X)%\gilAi = {22, 3, x5, w6, ¥7, T3, Tg, T10}-

Obviously, calculation results of three methods are different.
That is to say, during the selection of excellent classes,
the results of three models are different in depicting the
concept X. However, case 3 can use the information level
to control objects selectively. Through this parameter 3, the
objects can be positively described in most classifications.
Therefore, different models should be chosen according to
different situations in practice.

V. CONCLUSIONS

In real life, the interval-valued fuzzy phenomenon can be
seen everywhere. In this paper, three different kinds of graded
multi-granulation rough sets are firstly constructed based on
interval-valued fuzzy information systems. Further, this paper
defines the upper and lower approximation operators of the
graded multi-granulation under multiple dominance relations.
Moreover, some properties of the three types of models have
been discussed. Finally, an instance is presented to verify the
effectiveness of the models.

ACKNOWLEDGMENT

This work is supported by Natural Science Foundation
of China (No. 61472463, No. 61402064), National Natural
Science Foundation of CQ CSTC (No. cstc2015jcyjA1390),
and Graduate Innovation Foundation of Chongqing University
of Technology (No. YCX2015227, No. YCX2016227), and
Graduate Innovation Foundation of CQ (No.CYS16217).

REFERENCES

[1] Z. Pawlak. Rough sets, International Journal of Computer and Infor-
mation Sciences, 1982, 11(5):341-356.

[2] Z. Pawlak. Rough Sets: Theoretical Aspects of Reasoning about Data.
Kluwer Academic Publishers, 1992.

[3] Y. Y. Yao, T. Y. Lin. Generalization of Rough Sets using Modal Logics.
Intelligent Automation and Soft Computing, 1996, 2(2):103-119.

[4] C. Cerrato. Decidability by filtrations for graded normal logics (graded
modalities V). Studia Logica, 1994, 53(1):61-74.

[3]
(6]

(71

(8]

[9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]
[20]

[21]

[22]

[23]

1878

Tobies S. PSPACE Reasoning for Graded Modal Logics. Journal of
Logic and Computation, 2001, 11(1):85-106 (22).

Tobies S. A PSpace Algorithm for Graded Modal Logic. International
Conference on Automated Deduction: Automated Deduction. Springer-
Verlag, 1999:52-66.

Kazakov Y, Pratthartmann I. A Note on the Complexity of the Satisfi-
ability Problem for Graded Modal Logics. Proceedings-Symposium on
Logic in Computer Science, 2009:407-416.

Mattila J.K. Modifier Logics Based on Graded Modalities. Journal
of Advanced Computational Intelligence and Intelligent Informatics,
2003, 7(7):72-78.

Mattila J.K. Possibility Based Modal Semantics for Graded Modifiers.
Foundations of Fuzzy Logic and Soft Computing, International Fuzzy
Systems Association World Congress, Ifsa 2007, Cancun, Mexico, June
18-21, 2007, Proceedings. 2007:220-230.

Y.Y. Yao, T.Y. Lin. Graded rough set approximations based on nested
neighborhood systems. Proceedings of 5th European Congress on
Intelligent Techniques and Soft Computing. 2010.

W.H. Xu, S.H. Liu, W.X. Zhang. The Graded Rough Set Based
on Membership Function in General Binary Relation. Journal of
Chongqing University of Technology, 2010, 24(10):101-108. (in Chi-
nese)

W. Xu, S. Liu, Q. Wang, et al. The first type of graded rough set based
on rough membership function. International Conference on Fuzzy
Systems and Knowledge Discovery, Fskd 2010, 10-12 August 2010,
Yantai, Shandong, China. DBLP, 2010:1922-1926.

X.Y. Zhang, S.C. Xie, Z.W. Mo. The Graded Rough Set. Journal of
Sichuan Normal University, 2010, 33(1):12-16. (in Chinese)

H.R. Cheng, L.S. Chen. Knowledge Reduction Based on Graded Rough
Set. Journal of Kunming University of Science and Technology, 2006,
31(1):119-121.(in Chinese)

D. Dai, K\Y. Qin, Z.L. Li. Approximation Reduction and Approxima-
tion Relative Reduction Based on Degree Rough Set Model. Journal
of Southwest University of Science and Technology, 2003, 18(4):5-7.
(in Chinese)

Y.H. Qian, J.Y. Liang, C. Dang. Incomplete Multigranulation Rough
Set. Systems Man and Cybernetics Part A Systems and Humans IEEE
Transactions on, 2010, 40(2):420-431.

Y.H. Qian, J.Y. Liang, Y.Y. Yao, et al. MGRS: A multi-granulation
rough set. Information Sciences, 2010, 180(6):949-970.

Y.H. Qian, J.Y. Liang, W. Wei. Pessimistic Rough Decision. Second
International Workshop on Rough Sets Theory. Zhoushan, China:
Zhejiang Ocean University, 2010, 29(5):440-449.

Xu, Ordered Information Systems and Rough Sets, Science Press,
Beijing, China, 2013.

Z.Y. Wu, PH. Zhong, J.G. Hu, et al. Graded Multi-granulation Rough
Sets. Fuzzy Systems and Mathematics, 2014. (in Chinese)

J.L. Shen, X.Y. Wang, Y.X. Shen. Variable Grade Multi-granulation
Rough Set. Journal of Chinese Computer Systems, 2016, 37(5):1012-
1016. (in Chinese)

J.H. Yu, W.H. Xu. Multigranulation with Different Grades Rough Set
in Ordered Information System. International Conference on Fuzzy
Systems and Knowledge Discovery. 2015.

H.D. Zhao. Geometry Average Sorting Method about Interval Number
and Its Application. Inner Mongolia University for Nationalities, 2012.
(in Chinese)




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 0
  /ParseDSCComments false
  /ParseDSCCommentsForDocInfo false
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo false
  /PreserveFlatness true
  /PreserveHalftoneInfo true
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
    /Arial-Black
    /Arial-BoldItalicMT
    /Arial-BoldMT
    /Arial-ItalicMT
    /ArialMT
    /ArialNarrow
    /ArialNarrow-Bold
    /ArialNarrow-BoldItalic
    /ArialNarrow-Italic
    /ArialUnicodeMS
    /BookAntiqua
    /BookAntiqua-Bold
    /BookAntiqua-BoldItalic
    /BookAntiqua-Italic
    /BookmanOldStyle
    /BookmanOldStyle-Bold
    /BookmanOldStyle-BoldItalic
    /BookmanOldStyle-Italic
    /BookshelfSymbolSeven
    /Century
    /CenturyGothic
    /CenturyGothic-Bold
    /CenturyGothic-BoldItalic
    /CenturyGothic-Italic
    /CenturySchoolbook
    /CenturySchoolbook-Bold
    /CenturySchoolbook-BoldItalic
    /CenturySchoolbook-Italic
    /ComicSansMS
    /ComicSansMS-Bold
    /CourierNewPS-BoldItalicMT
    /CourierNewPS-BoldMT
    /CourierNewPS-ItalicMT
    /CourierNewPSMT
    /EstrangeloEdessa
    /FranklinGothic-Medium
    /FranklinGothic-MediumItalic
    /Garamond
    /Garamond-Bold
    /Garamond-Italic
    /Gautami
    /Georgia
    /Georgia-Bold
    /Georgia-BoldItalic
    /Georgia-Italic
    /Haettenschweiler
    /Impact
    /Kartika
    /Latha
    /LetterGothicMT
    /LetterGothicMT-Bold
    /LetterGothicMT-BoldOblique
    /LetterGothicMT-Oblique
    /LucidaConsole
    /LucidaSans
    /LucidaSans-Demi
    /LucidaSans-DemiItalic
    /LucidaSans-Italic
    /LucidaSansUnicode
    /Mangal-Regular
    /MicrosoftSansSerif
    /MonotypeCorsiva
    /MSReferenceSansSerif
    /MSReferenceSpecialty
    /MVBoli
    /PalatinoLinotype-Bold
    /PalatinoLinotype-BoldItalic
    /PalatinoLinotype-Italic
    /PalatinoLinotype-Roman
    /Raavi
    /Shruti
    /Sylfaen
    /SymbolMT
    /Tahoma
    /Tahoma-Bold
    /TimesNewRomanMT-ExtraBold
    /TimesNewRomanPS-BoldItalicMT
    /TimesNewRomanPS-BoldMT
    /TimesNewRomanPS-ItalicMT
    /TimesNewRomanPSMT
    /Trebuchet-BoldItalic
    /TrebuchetMS
    /TrebuchetMS-Bold
    /TrebuchetMS-Italic
    /Tunga-Regular
    /Verdana
    /Verdana-Bold
    /Verdana-BoldItalic
    /Verdana-Italic
    /Vrinda
    /Webdings
    /Wingdings2
    /Wingdings3
    /Wingdings-Regular
    /ZWAdobeF
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 200
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 200
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages false
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 400
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create PDFs that match the "Required"  settings for PDF Specification 4.01)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


